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Abstract 



In this paper, we show that the Garnier system in n-variables has 
affine Weyl group symmetry of type -6^+3- We also formulate the r- 
functions for the Garnier system (or the Schlesinger system of rank 2) 
on the root lattice Q(C„+3) and show that they satisfy Toda equations, 
Hirota-Miwa equations and bilinear differential equations. 

1 Introduction 

For the sixth Painleve equation Pvi, the symmetry structure is well-known 
P3|3]. Furthermore, the r-functions for Pyj satisfy various bilinear relations 
jH EJ. But such properties are not clarified completely for the Garnier 
system which is an extension of Pyi to several variables. In this paper, we 
show that the Garnier system in n-variables {n > 2) has affine Weyl group 
symmetry of type -8^+3. We also formulate the r-functions for the Garnier 
system (or the Schlesinger system of rank 2) on the root lattice Q{Cn+3) and 
show that they satisfy Toda equations, Hirota-Miwa equations and bilinear 
differential equations. 

Consider a Fuchsian differential equation on P^(C) 



with regular singularities z = tn+i = 0, t„+2 = 1, 00, apparent 

singularities 2 = Ai, . . . , A„ and the Riemann scheme 



dz^ 



+ P,{z)-f + P2{z)y = 



(1.1) 




U p 

On+2 P + dn+3 + 1 



Z = OO 



z = X 

2 
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(1.2) 



assuming that the Fuchs relation 

n+3 

E^i + 2P = 1 (1-3) 

i=i 

is satisfied. The monodromy preserving deformations of the equation (jl.lll 
with the scheme fll.2j) is described as the following completely integrable 
Hamiltonian system pQ: 

where 

\Xj = Res P2{z) dz (j = 1, . . . , n) (1.5) 

Z = \j 

and fCi {i = 1, . . . ,n) are rational functions in Xj, fij {j = 1, . . . ,n) given by 

}Ci = - Res P2{z)dz. (1.6) 



By the canonical transformation 

^i = r^, ?i = H;i+2 — t: — 7T (^ = i,---,^), (1-7) 



the system (jl.4|l is transformed into the Hamiltonian system 
dqj dKi dpj dKi 



dxi dpj ' dxi dqj 



ihj = l,...,n) 



with ;?o/ynomm/ Hamiltonians Ki {i = 1, . . . ,n). These Ki are given explicitly 
by 

Xi{Xi - l)Ki = ^P + Yl ^^P^ + ^"+3 + ^ + ^J^i^ + ^iPiiliPi ~ ^i) 

n n 

~ XijQiPiiqjPj -Oj) - XjiQiiqjPj -ej)pj 

n n 

- {xi + l){qiPi - 9i)qiPi + (6'„+2 Xi + 6'„+i - l)giPi, 

(1.9) 



where 

We call the Hamiltonian system p.8|l with the Hamiltonians the Gar- 
nier system. 

As is known in pp, the Garnier system is derived from the Schlesinger 
system (of rank 2). Then the independent and dependent variables of the 
Garnier system are expressed as certain rational functions in the variables 
of the Schlesinger system. Furthermore, the r-functions for the Garnier sys- 
tem can be identified with those for the Schlesinger system. Hence we first 
investigate symmetries and properties of the r-functions for the Schlesinger 
system. After that, we apply the obtained results to the Garnier system. 

In Section El we give the transformations of three types, permutation 
of the points, sign change of the exponents and Schlesinger transformation, 
which act on the Schlesinger system. In Section El we formulate the r- 
functions for the Schlesinger system on the root lattice Q(C„+3). We also 
present bilinear relations which are satisfied by the r-functions. In Section 
m we show that the Garnier system has affine Weyl group symmetry of type 

2 Schlesinger system 

Let Aj and Gj (j = 1, . . . , n -|- 2) be matrices of dependent variables defined 
as 

Consider a system of total differential equations 

n+2 



dAj= [A,Aj]d\og{t,-U) (j = l,...,n + 2), 

n+2 



(2.2) 



where = 0, tn+2 = 1 and d is an exterior differentiation with respect to 
ti, . . . ,tn- Here we assume 

(i) detAj = 0, trAj (j = 1, . . . , n + 2); 

(ii) -z;=!A, = diag{p, p+e^+s), ^n+3^z, p = -E;i'%/2. 
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We call the system ()2.2p the Schlesinger system. 

Recall that the Schlesinger system is obtained as the compatibility con- 
dition for a system of linear differential equations on P^(C) 

a; = ^7^^' W = -J^.y i^ = l,■■■,n), (2.3) 

where y = *(yi,?/2) is a vector of unknown functions. The matrices Gj {j = 
1, . . . , n+2) are obtained as follows. The system ()2.3p has a local fundamental 
solution Y = Y{z) of the form 

Y = Y,{z)iz-t,f^^' (j = l,...,n + 2), (2.4) 

where 

--Go)' --(o?)' (-) 

Here Yj{z) is a 2 x 2 matrix which is holomorphic at z = tj, such that 

Y,iz) \^^^= G„ GJ'A,G, = e,E2. (2.6) 

Note that the Schlesinger system has an ambiguity for the following trans- 
formation: 

Aj C-^AjC, Gj C-^Gj (j = 1, . . . , n + 2), (2.7) 

where 

^=(o' I) (71,72 eC). (2.8) 

The Schlesinger system is invariant under the action of the following 
transformations of three types. They are associated with (1) permutation of 
the points ti, . . . , tn+2, ^n+s = oo, (2) sign change of the exponents 9i, . . . , 9n+3, 
and (3) shifting of the exponents by integers {Schlesinger transformation). 
In this section, we describe these transformations. 



2.1 Permutation of the points 

In the following, we use the matrix notations 

\w{cj) w{dj)J 

and 

4 



for a transformation w of the dependent variables. 

The action of the symmetric group &n+3 on the set of the points ti, . . . ,tn, 
tn+i = 0, tn+2 = 1, tn+3 = oo Can bc hftcd to transformations of the inde- 
pendent and dependent variables. Denoting the adjacent transpositions by 
0"! = (12), . . . , an+2 = (n + 2, n + 3), we describe the action of these ak on 
the variables ti {i = 1, . . . ,n) and aj, bj, Cj, dj, gj, hj (j = 1, . . . , n + 2). 

o-fc(ti) = tfTfc(i)) o-fc(^i) = ^<7fc(i), <7i{Gj) = G^^Q) (2.11) 

for k = 1, . . . ,n — 1. We remark that (J„, cr„+i and cr„+2 are derived from 
Mebius transformations on P^(C). The transformation is derived from 

Z {Z - tn) / {I - tn): 



aM,) = (1 - tn)'"^^''^A.„0) (1 - ^n)-'"+^^^ ^2-^2) 

a„(G,) = (1 - t^O'^^^+'-^^^^G.^o-) (1 - tn)'-(^'^^ 
Similarly, the transformation 0"„+i is derived from z \ — z: 

0"n+l(^i) = 1 - ^i, 0"n+l(^j) = ^t7„+iO), Crn+l(G'j) = G<j„+iO), (2-13) 

and the transformation 0"„+2 is derived from 2 1/z: 

crn+2{Aj) = {j^n + 2), 

(^n+2{.An+2) = ^n+'i G n+2^'iG n+2^ (^-14) 

a„+2(G,) = G-UG, {t, - l)P^^+2.,^. _^ ^ + 2), 

0"n.+2(G'„,+2) = C^lg! 

The action of each ak on the parameters 9j is given by 

= ^-.0) (j = l,...,n + 3). (2.15) 

2.2 Sign change of the exponents 

Let y be a fundamental solution of system ()2.3p . Consider the gauge trans- 
formations 

n{Y) = {z-h)-'^Y (A; = l,...,ri + 2), r^^^{Y) = WY, (2.16) 
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where 

= J) . (2.17) 

Each Tfc acts on the parameters as follows: 

rk{e^) = {-lY^'^e, (j = l,...,n + 3), (2.18) 

where 5jk stands for the Kronecker delta, and can be lifted to a transformation 
of the dependent variables. We describe the action of these r^. 



rk{Aj) = Aj - 5jk dkh (j = 1, . . . , n + 2), 
rfc(G,) = (t, - tuY'^^'-G, (j = 1, . . . , n + 2) 



(2.19) 



for /c = 1, . . . , n + 2. 

rn+Mj) = WA,W, rn+z{Gj) = WGj (j = 1, . . . .n + 2) (2.20) 

for k = n + ?>. Note that the independent variables ti {i = 1, . . . ,n) are 
invariant under the action of each r^. 

2.3 Schlesinger transformations 

In this section, we construct the Schlesinger transformations by following . 
Let L be a subset of Z^^^ defined as 

L = {/i = (/ii,...,/i„+3)eZ"+=^ I /ii + ... + /i„+3 e2Z}. (2.21) 

Consider the gauge transformations 

T^{Y) = R^Y ifieL), (2.22) 

where i?^ are 2x2 matrices of rational functions in z and tj (i = 1, . . . , n), 
such that 

T^{0,) = 9, + (j = l,...,n + 3). (2.23) 

Then each i?^ is determined up to multiplication by a scalar matrix and the 
gauge transformation can be lifted to a birational transformation (called 
the Schlesinger transformation) of the dependent variables. 

The group of the Schlesinger transformations is generated by the trans- 
formations Tfc (A; = 1, . . . , n + 2), such that 

Tj,{e,)=e,+6,k-6,k+i (j = l...,n + 3), (2.24) 
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and Tn+3, such that 

Tn+3{0j)^ej + Sjn+2 + Sjn+3 (j = 1 ■ ■ ■ , n + 3) . (2.25) 

We describe the action of these on the variables aj, bj, cj, dj, gj, hj 
(i = l,....n + 2). 

^ {tk — 'tk+l){tk — tj) {tk — tk+l){tk-\-l — tj) ^"^ ^ ' 

Tk{Ak) = Ak+i - + ^fc ~ dk+i)Rk _ Rk^jRk 

tk - tk+i -^^J^f.^^^^ {tk - tk+i) {tk - tj) ' 

rp ^ A \ _ /I , (1 + 6'fc - 6k+i)Rk , RkAjRl 

Jfei^fc+lj-^feH 7 7 H 2^ r- r^, 

Ifc - Ife+1 ^.^ij^j^.^! l^fc - tk+l)[tk+l - tj) 
ifc+i ~ tj 

rr (n \ ^k^k , GkE2 ^ RlGkEiG~^^AjGkE2 

Tk[Gk)= _ + _ + 2^ 



tk — tk+i tk — tk+i {l + 6k){tk — tk+i){tk — tj)'' 

T (r \ - V n r p_lV^ RkGk+\E2Gl^ AjGkEx 

(2.26) 

where 

Rk — 7 , j'^-^ — ( J'l i'^k+i bk+i) , Rl — {tk — tk+i)l2 + Rk, (2.27) 

bkttk+i + dkbk+i \dkj 

ior k — 1, . . . ,n + 1. 

j=i i 

Tn+2{Aj) — {tj — l)E2AjEi + Rn+2AjEi + E2AjR*^_^2 + 



Rn+2AjR*^_^2 



t,-l 

(jVn + 2), 

rr (n \ — T> n ^ T? n F_lV^ -Rn+2G'„+2-EiG'„|2^iG'n+2-E'2 
-'n+2l,tTn+2j — -n:n+2tJn+2 + -C/2tTn+2-C'2 + 7W~a ^77 ' 

j^j^k ^ + "+2'' ^^^"+2 ~ '^i^ 
r„+2(G',-) = (t,- - 1)£;2G',- + Rn^2Gj {j^n + 2), 

(2.28) 



where 

^"+2 " 71 ^ W f r J (^"+2 , 

1 /6 \ 

and Coo = ^j=i tjCj, for /c = n + 2. 



- 1 



^n.+3(^i) = (tj — l)EiAjE2 + Rn+3AjE2 + -EiAj_R*_^3 + 



-Rn+3^j-Rn+3 



T-/'^ ^ iZ?^ Z7iV^ -Rn+3G'n+2-ElG„j2^jG'n+2-E2 

-'n+3l<-^n.+2j — -K„,+3<-^n+2 + -C^ltJn+2-£^2 + > TTTli \U T\ ' 

• T~/, \i- + 'Jn+2)\ln+2 — tj) 

T^+alG,) = (t, - l)E^G, + i?„+3G, (jV ^ + 2), 

(2.30) 



where 



Rn+3 — , n \Z ( 1 I 1 (~^"+2 ^n+2) 

(1 + 9^+3} On+2 V + ^"+3/ 01 X 

1 fh \ y'^-'^^i 



and 600 = Y^^=i'tjbj, for A; = n + 3. Note that the independent variables ti 
= 1, . . . , n) are invariant under the action of each T^. 

Remark 2.1. The group of the Schlesinger transformations generated by 
{k = 1, . . . ,n + 3) is isomorphic to the root lattice Q(C„+3). The commuta- 
tivity between two arbitrary Schlesinger transformations is obtained from the 
uniqueness of the Schlesinger transformations [3] . 



3 r-Functions on the root lattice 

In this Section, we formulate the r-functions for the Schlesinger system on 
the root lattice Q{Cn+3)- We also present the bihnear relations of three types, 
Toda equations, Hirota-Miwa equations and bilinear differential equations, 
which are satisfied by the r-functions. 
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Proposition 3.1 ([3]). For each solution of the Schlesinger system, the 1- 
forms 

N 

^^. = Y.T^{H^)dti ifieL) (3.1) 

i=l 

are closed. Here we let 

n+2 ^ 

H^= Yl r— T (trA^i + a,) (« = l,...,n), (3.2) 

. ... I^i t- i 

where 

2^'^'^2{n + l) 2{n + l){n + 2y ^^"^^ 
Proposition 13.11 allows us to define a family of r-functions by 



d\ogT^ = ujf, ifieL), (3.4) 

up to multiplicative constants. 

We also define the action of the transformations a^, ri and on the 
r-functions, so that it is consistent with the action of them on Hi which we 
call Hamiltonians. For each /x, z/ G L, the action of on is defined by 

T^,{r^) = Tf,+y (3.5) 

and the action of 0"^, r; on t^, is defined by 

<yk{ru) = T„^{u) (fc = l,...,n + 2), 
ri{Tu) = Tr^l^y) (/ = l,...,n + 3), 

where 



(3.6) 



ri{v) = {Ui, Z/;_i, -Ui, Z/;+i, . . . , Un+3) 



(3.7) 



In Sectioning we describe the action of the transformations ak, ri and 
on the Hamiltonians, which is obt; 
independent and dependent variables. 



Tfj, on the Hamiltonians, which is obtained from the action of them on the 



3.1 Symmetries for Hamiltonians 

We first describe the action of the Schlesinger transformation on the 
Hamiltonians for each /z G L with 

fil + ... + fil^, = 2. (3.8) 
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Set 

rri rri rri rri rri rri 

J-k,l — J-Gk+ei-i J-k,-l — J^e^-ei) -k,-l = -'-efc-e; 

(A;, / = 1, . . . , n + 3, k ^ I), 

where 

ei = (l,0,0,...,0,0), 
62= (0,1,0,. ..,0,0), 



(3.9) 



(3.10) 



e„+3= (0,0,0,..., 0,1). 

We remark 

Tk = Tk-(k+i) (A; = 1, . . . , n + 2), T^+s = T„+2,n+3 (3-11) 
and that they act on (j = 1, . . . , n + 3) as follows: 

Tk,ii^j) = dj + Sjk + Sji, 
Tk,-iiej) = Oj + 6jk - (3.12) 
T-k-i{Oj) = Oj - Sjk - Sji. 

Then the action of them on the Hamiltonians Hi {i — 1, ... ,n) is described 
as follows. 

Tk i{Hi) =Hi- ^^'^^'^^^'^ + ^ ^ rk,i 

{U — tk){ti — ti) ti — tk ti — ti ■'^^M — 'tj 

T (H\-H - trAA,^ (n-l)(l+g, + g,) 

,=WM^'^-'^-^^'^-'') 2(n + l)(t.-tO 

^ ^ Jj^ (3.13) 

j=l,j^k,l " 1 j=l,j^k " ^ 
T(H\ = H- V trAi^M (n-l)(l + gfe + gO 



j=i,j^k,i ' ^ j=i,j¥i ' 
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where 



2" 2 (n + 2) ' ~ 2" 2 (n + 2) ' 



(3.14) 



"^'^ - "(n + l)(n + 2)' - U ' ' 

for /c, Z = 1, . . . , n + 2 with k ^ I. 



Tk-i{Hi) ^Hi- ' H ^ H ^ + V 

[ti — tk){ti — ti) ti — tk ti — ti 

''"'^ ' ,=&./'^-'^-)^'^-'') 2(n + l)(t.-tO 

n+2 „j n+2 „ 



n+2 



T (H\^H- V trAA,_, (n-l)(l + gfe-g,) 



n+2 n+2 



^ - t,- ^ - t,- ' 



(3.15) 



where 



p _ 1 + ^^fc — 6^; J _ £j 1 — 2 ^fc 

(n + l)(n + 2)' ~ 2 ^ 2(n + 2)' 

"^^'-^ = M^Td^ (4) 



(3.16) 
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ioT k,l = 1, . . . ,n + 2 with k ^ 1. 

n+2 



T_k-i{Hi) = Hi- ' H — H — + V — ^ 

(ij — — ti) ti — tk U — ti j^Tjyii ~ 



n+2 n+2 „ 



n+2 jn—j n+2 „ 

^ - ^ - t,- ' 



(3.17) 



where 



1 -k-i - - / , IN/ , o\' -'-fc--7r + 



(n + l)(n + 2)' -'^ 2 2 (n + 2)' 

R-k -I — — r — r — \ ] {(^i ^i) ) 
Ukbi - bkUi \-akJ 

ioT k,l — 1, . . . ,n + 2 with k I. 

n+2 



(3.18) 



j=l,j^k ^ ^ ^ j=lj7 



(3.19) 
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for A; = 1, . . . , n + 2. 



n+2 -1 / \ ?^+2 



^k + A,-(n+3) 

(3.20) 

for A; = 1, . . . , n + 2. 

?i+2 



n+2 ^ ^ \ n+2 



(3.21) 

for A; = 1, . . . , n + 2. 

n+2 



T. 



-fc -(n+3)(^^i) = + _ (di - Ci ) + _^ + ^ 



-^-fe,-(n+3) 



(i^A;), 

n+2 ^ / J \ n+2 jnj _|_ 



fc -fc -(n+3) 



1 / (i \ 

T-,,-(n+3)(i^.) = i^.+ 

i=l,jyfc ^ 1 ^ j=l,j^k " ^ 

(3.22) 

for k = 1, . . . , n + 2. For the other jj, E L, the action of on the Hamil- 
tonians, which is not described in this paper, is similarly obtained from its 
action on the dependent variables. 

Next we describe the action of the transformations ak {k = 1, . . . ,n + 2) 
and ri (/ = 1, . . . , n + 3) on the Hamiltonians. Since {i — 1, . . . ,n) are 
invariant under the action of each Ufe and ri, we obtain 

akT^{Hi)^T,^^^){Hi), riT^{Hi)^Tr,(^'^{Hi) (// G L), (3.23) 

where 

(^fc (/^) = (^a, (1) , • • • , /iafe (n+3) ) , 

n(/^) = (/^i, • • • , -IJ^h f^l+l, fJ'n+a)- 
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3.2 To da equations 

In this section, we present the Toda equations for the Schlesinger transfor- 
mations Tk [k = 1, . . . , n + 3). Set 

H. = H^- f f ^ (. = l,...,n). (3.25) 

Then we have 



Theorem 3.2 ([3]). The Hamiltonians Hi [i = 1, . . . ,n) satisfy the following 
equations: 

urn + T-\m -2H.= 9, log 

\tk — tk+l ) 

(/c = l,...,n + l), (3,26) 

T^+^m + T-l^m -2Hi = dt^ log (G'„+2)22(G';|2)22, 

Tn+siH.) + T^^UHi) ~2H, = du log (G„+2)i2(G;i2)2i, 

where {Gj)ki stands for the {k, l)-component of the 2x2 matrix Gj. 

We also obtain the following lemma. 

Lemma 3.3. The Hamiltonians Hi [i = 1, . . . ,n) satisfy the following equa- 
tions: 

\{Hk^,) = ,f^'f'^' {k = l,...,n-l), 



(r + 1) I 5^ t.i^. j = -trA„+iA„+2 - - 5^ 5^ a„ 

« = 1 / j=l j = l,j:^i 



(5 + 1)1 J2 ^i^i ) = ^"+3 + ^„+2(p + ^„+2) " ^ X] I] ^^J' 

\i=l / i=l j=l.jjLi 

(3.27) 

where di = d/dti and 

n n 
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Proof The first equation of ()3.27|) is obtained by a direct computation. 
Tlie second equation of ()3.27p is obtained by using 

n n+2 4- A A n+2 n+2 

Y: iu - m = - E -^^^T^ + E E '^^^^^ (3-29) 

i=l j=ljyn+l ^ i=l j=l,j^i 

and 

n+2 n+2 n+2 n+2 

E E trA,A, = -E E (3.30) 

1=1 j=l,jjti 1=1 j=l,j^i 

Tfie tfiird equation of ()3.27|1 is obtained by using ()3.3()|1 . 

E '.5. = E ^^T^ + i E E ''^'-4, (3.31) 

j=l i=l ^ i=l j=l,j^i 

and 

(5* + 1) (^E ^'^7' ) = -trA„+iA„^.2. (3.32) 
The fourth equation of ()3.27|1 is obtained by using ()3.3()p . ()3.31|1 and 

□ 

From Theorem 13.21 Lemma 13.31 and the following identities: 

(G.^iG.)22(G, 1G.+O22 = -^^^^ (fc = 1, . . . , n + 1), 

(G„+2)22(G-|,)22 = (3.34) 



'n+2 
fln+2 



^n+2 

we obtain 

Tfc(#,)+T,-i(#,)-2#, = atJogXfc (fc = l,...,n + 3), (3.35) 
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where 



Xk = dt^{Hk+i) (A; = 1, . . . ,n - 1), 

n+2 n+2 



= + 1) ^t.if, + 1 5^ 5^ a,, 

\i=l / i=l j=lj^i 

(n \ ^ n+2 n+2 

^ J + - ^ ^ - 0„+2(p + ^n+2), 

i=l / 1=1 j=l,j=^i 

(n \ ^ n+2 n+2 

) + 2 5^ 5Z ~ ^"+2(/^ + ^"+2 + ^n+s)- 

(3.36) 

Here we introduce the Hirota derivatives Di {i = 1, ■ ■ ■ ,n) defined by 

P{D^,--- ,D^)<f^ = P{dt„--- ,dtj{fis + t)^{s-t)) l^^, (3.37) 

where P{Di, ■ ■ ■ , D„) is a polynomial in the derivations Di {i = 1, . . . ,n). 
By the definition, we obtain 

DiDj ip-ip = dt^ dt^ (if ) - du (<^) dt^ {i)) - dt^ ((^) dt^ {i)) + ^ ^t, dt^ ((^) 
and 

ou log - = — , 

'^■'^ (3 39) 

dt^dt log ^tp = — — . 

if ■ yj ^ ' W V ' W 

By substituting ()3.25|1 into ()3.35|1 . we obtain the Toda and Toda-like 
equations expressed in terms of the Hirota derivatives. 

Theorem 3.4. For the Schlesinger transformations Tk {k = 1, . . . ,n + 3) , 
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we have the following Toda and Toda-like equations: 

FkTk{To) T^"^(ro) = DkDk+iTo ■ tq - ^'^^^+1 ^2 (^k = 1, ■ ■ ■ ,n - 1), 

[tk — tk+i ) 

" 2 C 
F„T„(ro) T-i(ro) = J] (t. - l)D,D^ro • Tq + 2 dt„{To) ■ Tq ^ r^, 

i=i 

n n 

i=i j=i 



+ 2 ^ (2 - 1) dt.^ (To) ■ To + 2 „+2 



-2 
'0' 

n 71 n 



i^n+2T„+2(ro) T-+i2(ro) = - l)tjDiD, tq ■ Tq + 2 ^ . 

1=1 j=i j=i 

n n n 

F„+3T.+3(ro) T-+yro) = J] J] - l)tjDiD,To ■ tq + 2 J] ^^^^^^^ . 

i=l j = l 1=1 

[ 1 2 



.2 
'05 



(3.40) 

n+2 n+2 

Fk = (tfc - tk+i)-'/^ Yl {tk - tj)-^^ JJ - 

n+2 n+2 

xJI n (A; = l,...,n + 1), 

^=''^'^^ (3.41) 

n+l n+2 n+2 ^ ' 

^n+2=n(^.-i)"'^""^n n {u-hr^-^--^-^'^'^ 

j=l i=l j=l,j^i 

n+l n+2 n+2 

We note that the Toda equation for is equivalent to the equation 
given in |HI. 
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3.3 Hirota-Miwa equations 

In the following, we set 

rk,i =Tk,i{To), Tk-i = Tk-i{To) {kj = l,...,n + 3, k=^l). (3.42) 
We first present the Hirota-Miwa equation for the following six r-functions: 

Tn+2,n+3, 'Tn+l,n+2, 'Tn+2,-(n+l) , Tn+l,n+3; Tn+S-in+l), T'O- 

The action of transformations ^n+3,-(n+i) and T„+2,n+3 on the Hamil- 

tonians Hi {i = 1, ... ,n) is described as follows: 

In+l,n+2{^ij - f (f _U + ~r~ + l——r + 2^ . ' 



■1+2 p 

O-n+l \ ^ -(n+l) -f n+3,-(n+l) 



T„+3 _(„+!) (ifj) = iJj + - tti - 6i H h > 

V On+l/ 

rp /TJ \ TJ , ^ f , U ^"■+2 \ , r^+2 I -^n+2,n+3 

(3.43) 

From (j3l^ and 

dlogTfc^i = ^ Tk,i{Hi), dlogrfc_i = ^ Tk^^i{Hi 



n+2 



1=1 1=1 

(/c, / = 1, . . . , n + 3, A; 7^ /), 



(3.44) 



we obtain 



Tn+l,n+2 ''n+3,-(n+l) _ ( i , dn+2 

"n+1 ~ On+l 



To T"n+2,n+3 \ C»n+2 

n n+2 n+2 

^ -Q ^l/(n+l) -Q JJ ^^_^^^_l/{2(n+l)(n+2)}_ 

i=l i=l j=l,j^i 

(3.45) 

Hence the Hirota-Miwa-equation 

''"n+l,n+2 Tn+3,-(n+l) ~ Tn+l,n+3 'rn+2,-(ra+l) 

n n+2 n+2 /„ 

= On+l n ^'^^"""'^ n n - t^o-^/^^^-^^^^-^^^^ ror„^2,„+3 

i=l i=l jr=l,j^i 
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is obtained by the action of the transformation r^+i on the both sides of 

For the other indexies i,j,k = 1, . . . , n + 3 with k mutually distinct, 
the Hirota-Miwa equations are obtained in a similar way. 

Theorem 3.5. For any distinct i, j, k = 1, . . . ,n + 3, we have the following 
Hirota-Miwa equations: 

^k'^O^iJ = Ti^kTj^-^k - Tj^kTi-k-, (3.47) 

where 

Fjf = 9k (t. - tj)'/\t, - tk)-'/\t, - tk)-^/' 

n+2 n+2 n+2 

n+2 n+2 n+2 

Fi^^'=e, n it,-tkf'^''^'^\{ n {tk-ti)-'i^''~-^'^^-^'^\ 

k=l,k=ij k=l l=l,l^k 

n+2 n+2 

= 9n+3 [u - t,f/' n n - 

k=l l=l,l^k 

(3.48) 

3.4 Bilinear differential equations 

In this section, we present the bilinear differential equations for the r-functions 
To and Ti = Tn+i,n+2- Wc Set 

E ^f'~t^^ C^'^i^J-l^A) (^ = l,---,n) (3.49) 

and 

^* = T„+i,„+2(i^i) = i^i-trA,i?„+i,„+2 + | (z = l,...,n). (3.50) 
Denoting R = _R„+i „+2, we have 

^^^^^^^ mn-h) _ {R-l2)AR (3.51) 
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It follows that 

n+2 



5, (i^,) = f trA,A, - i e^e, ) (j = 1, . . . , n, ^) 



. , . tj tj 

- = tj iiAiRAj{R - h) - (tj - 1) ixAi^R - l2)AjR 

(3.52) 

where 6i = Uiti — 1) di, for each i = 1, . . . ,n. By using ()3.52p . we obtain 



n ^ 



t,(t, - 1) U{ti - 1) 
2 

2 t'lt') i"] ^ ') 



+ (tj - 1) trAi(^ - /2)Aj-R - tTAiRAj{R - Is) | 

1 f ^ 11 

+ E ^T^-ryrr^ (2^.-1) tr[A„A,]i?-trA,A,. + -^,^^,4 

1 — 1 J \ / 



(i = l,...,n). 



(3.53) 
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On the other hand, we obtain 



^tiAiA^ + ^eiOj {j = l,...,n, J ^i) 



tiARAjiR - h) = (^ti AiR - 1^ (^ti A,R - + 1 tr [A,, A,]R (3.54) 



i trAiA, + i OiOj {j = l,...,n, J ^ i) 
^ 9,V 9f 



ti Ai{R - l2)AiR = l^tiAiR - ^ 
and 

trfA-. A^^AR + ivA.A^^^ = 0^^, trAR. 

(3.55) 



tr[Ai, An+2]R - tTAiAn+2 = 0n+2 tl Ai{R - h) 

by direct computations for each i = 1, . . . , n. From ()3.53|1 . ()3.54j) and ()3.55j) . 
the following differential equations are obtained: 

n „ 



(i = 1, . . . ,n). 

By substituting 

H, = 6,logro + d„ H* = 6,logn + d:, (3.57) 

where 

Ci = ^ 'I ^ f C'ij + 2 j ' ^i* = Tn+i,n+2{Ci) (3.58) 

into ()3.56|) . we obtain the bilinear differential equations for the r-functions 
To and Tl. 

Theorem 3.6. The T-functions tq and Ti satisfy the following bilinear dif- 
ferential equations: 

n 

2t- — 1 

- 5*(t-o) • n + F^'Vo • Tl = (i = 1, . . . , n), 
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where 



jpi,0 _ ^ 2 {Cj — C^) ^ 9n-\-l _ On+2 

2 r ^ ^ ^ ^ ^ ^ . (3.60) 

F''' = E o,.,. {^.(^^ + + (a - c:)ic, - q)} 



J 



and stands for the Hirota derivative with respect to the derivation 6i. 

4 Garnier system 

We consider rational functions in aj, bj, cj, dj {j = 1, . . . ,n + 2) defined as 
qi = -f— (2 = l,...,n), 

P. = ^(^ + (t.-l)^-t.^) (^ = l,...,n), (4.1) 

ti I Oi 0„_|_i On+2 ) 

wliere boo = J2^=itjbj- Let { , } be the Poisson bracket defined by 

Also let d be an exterior differentiation with respect to xi, . . . , x^. Then we 
have 

Proposition 4.1 (PP). The independent and dependent variables qi, Pi, Xi 
(i = 1, . . . , n) defined by ()4.1|1 satisfy the Garnier system 

n n 

dqi = ^{Hj,qi} dxj , dpi = ^ {Hj , pi } dxj (4.3) 
i=i j=i 

with the Hamiltonians 

-(X, - If = T„+3,-(n+l)(^^) (z = 1, . . . , n). (4.4) 
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Here we remark 



n+2 ^ 



H, = K,+ V ^ (z = l,...,n), (4.5) 

^^^^^ rft , nf' . 



where 



Cij = Tn+3-{n+l){Cij) + 9i9j (j = 1, . . . , n), 

Cin+1 = Tn+3-[n+l){Cin+l) + di{dn+l — 1); 
n+2 

Cin+2 = — ^ Tn+3-{n+l)iCij) + 9i{9i + 9n+3 + 2p + 1) 



(4.6) 



and Ki is given by ()1.9|) . 

In this section, we show that the Garnier system has affine Weyl group 
symmetry of type -8^+3 • We also show that the r-functions for the Gar- 
nier system, formulated on the root lattice Q{Cn+3), satisfy Toda equations, 
Hirota-Miwa equations and bilinear differential equations. 

4.1 AfRne Weyl group symmetries 

The transformations cxfc, r; and given in Section |21 can be lifted to the 
birational canonical transformations of the variables qi, pi, Xi {i = 1, . . . ,n) 
which is already known in [t» iSj . In this section, we formulate the action of 
those transformations as realization of affine Weyl group. 
Denote the parameter by 

^1 = 9n+l, £2 = 9n+2i £3 = 9n+3 + I5 

^i = %-3 (j = 4, ...,n + 3). 

Then the group of symmetries for the Garnier system is generated by the 
transformations Sk {k = 0,1, . . . ,n + 3) which act on ej {j = 1, . . . ,n + 3) as 
follows: 

so{ei) = l-e2, so(£2) = l-£i, soiej) = ej {j^l,2), 

Sk{ej) = £^,0-) {k = l,...,n + 2), (4.8) 

Sn+3{ej) = {-lf^"^'e, {j^n + 3). 

We describe the action of Sk on the variables qi, Pi, Xi {i = 1, . . . ,n). 

/ \ PjyQiPi — ^7+3) / \ / \ / A \ 

= n (n ^ l \ ' soiqjPj) = ej+3 - qjPj, so{xi) = —, (4.9) 

VI IVl + ^3j Xi 
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where 



for A; = 0. 



for k — 1. 



n ^ / n+3 \ 

Q, = Y.qiPi + -[l-Y.eX (4.10) 

1=1 \ 1=1 / 

q- 1 

si{qj) = —, si{pj) = XjPj, si{xi) = — (4.11) 



MQj) = TT > S2ipj) = ipj - Qi)Q2, S2{xi) = (4.12) 

V2 Xi — i. 



where 



for k^2. 



Q-^^Y. - 1, (4-13) 

sM = s,{q,) = {j ^ 1), 

q\ qi 

ssipi) = -qiQi, ssipj) = -qipj {j ^ 1), (4.14) 
1 X- 

Sz{x\) = —, Sn{Xi) = — (^ 7^ 1) 

X'^ X'^ 

for A; = 3. 

Sk{qj) = qa,.,U)^ PkiQj) = Pcr,.^{j), Sk{Xj) = X^^_^(j) (4.15) 

for A; = 4, . . . ,n + 2. 

Sn+aiqj) = qj, 

Sn+3iPn) ^Pn- Sn+3(Pj) = Pj (j 7^ ^), (4.16) 

^n+3(-^i) -^i 

ioY k = n + 3. The group generated by these Sk is isomorphic to affine Weyl 
group W{Bi^l,). 

Theorem 4.2. The birational canonical transformations s^ {k = 0, . . . , n+3) 
satisfy the fundamental relations for the generators ofW{B^^^) 

4 = 1 (A; = 0,...,n + 3), 

{skSiy = l {k,l^ 0,1,2, \k-l\>l), ^^^^^ 

{skSk+if = 1 {k = 1, . . . ,n + 1), 

(SoSl)^ = 1, (S0S2)"'^ = 1, (Sn+2Sn+3)'^ = 1- 
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Figure 1: Dynkin diagram of type 

The simple affine roots of -8^+3 is given as 
ao = 1 - £1 - £2, 

aj = Ej - Ej+i (j = 1, . . . , n + 2), (4.18) 

and the action of Sfc on a-,- (j = 0, 1, . . . , n + 3) is described as follows. 

So(«o) = -tto, So(a2) = «o + «2, So(«j) = «i (j 7^ 0, 2) (4.19) 
for /c = 0. 

si(ai) = -ai, si(a2) = ai + 02, si(aj) = (j 7^ 0, 1) (4.20) 



for k = 1. 



52(02) = -"2, 

S2{aj) = aj + a2 [j = 0, 1, 3), (4.21) 
S2iaj) = aj (j 7^ 0,1,2,3) 



for k = 2. 



Sfc(aj) = (j 7^ ^) ^ + 1) ^ - 1) 
for = 3, . . . , n + 2. 

Sn+3(«n+3) = -an+3, Sn+3(«n+2) = an+2 + 2 0^+3, 

s„+3(aj) = (j 7^ + 2, + 3) 
for k = n + 3. 



(4.22) 



(4.23) 



Remark 4.3. The group generated by the transformations si, . . . , 5^+2 is iso- 
morphic to the symmetric group &n+3 Furthermore, the group generated 
by si, . . . , s„+3 is isomorphic to W^Bn+s); e.g. jSJ- 
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O O C I t o o 

ao CKi a2 0.3 a4 



Figure 2: Dynkin diagram of type ^4^'* 

Remcirk 4.4. In the only case n = 1, there is the following birational canon- 
ical transformation: 

\ (4.24) 
=£j + -{l-£i-£2-£3- £4) (i = 1, . . . , 4). 

The transformation sq is generated by a composition of Sq and si, . . . ,84. 

But Sq cannot be generated by a composition of Sq; si, . . . ,84. It follows 
that the group of symmetries for the Garnicr system in 1-variable contains 
affine Weyl group W{B^^). Actually, it is known that Pyi has affine Weyl 
group symmetry of type ^4^'*. The simple affine roots of F4^'* is given by 



ao = £1 - £2, ai = £2 - £3, 0:2 = £3 - £4, 







1 

0:3 = £4, "4 = 2 


(l-£i- 


- £2 - £3 


- £4) 


and Sq, 


81,..., 


S4 act on aj {j — 0,1, . 


, . . , 4) as 


follows: 






= —0:4. 


, So(a3) =03 + "4, 


= 


aj 


(jV3,4), 


Si(ao) 


= -aO' 


, si(ai) = ai + ao, 


si{aj) = 


aj 


(jV0,i), 




= — ai- 


, S2{ai) = tti + tti. 


S2{aj) = 


aj 


(^ = 0,2, i 




= -q;2: 


, S3(ai) = a, + a2, 


ssictj) = 


aj 


= 1, 3, j 


S4{a3) 


= -as: 


, 54(^2) = 0:2 + 2q;3, 


S4{a4) = 


OL4 + ^3, 




S4{aj) 


= «i 








(J = l,2). 



(4.25) 



(4.26) 



4.2 r-Functions 



For each solution of the Garnier system, we introduce the r-functions 
(// e L) satisfying the Pfaffian systems 

n 

d\ogf^^J2T^(Hi)dxi. (4.27) 

i=l 
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Each is determined up to multiplicative constants. From ()4.4j) . we can 
identify these with the r-functions for the Schlesinger system by 

T=0 = T"„+3-(n+l)- (4.28) 

Hence we can apply the properties of the r-functions system to the Garnier 
system. For each /i G L, the action of the birational canonical transforma- 
tions Sk on is defined by 

Sfc(v) = r,,(^) (A; = 0,l,...,n + 3), (4.29) 

where 

So(/i) = (1 - /i2, 1 - /il, /^3, • • • , IJ'n+s), 

Sfc(/i) = (/i(fe,fc+i)i, . . . ,/i(fc,fc+i)(„+3)) (fc = 1, . . . + 2), (4.30) 

and {k, A; -|- 1) stands for the adjacent transpositions. We also obtain bilinear 
relations which are satisfied by formulated on the root lattice Q(C„+3). 

Theorem 4.5. The r-functions (/i G L) satisfy the Toda equations, the 
Hirota-Miwa equations and the bilinear differential equations given in Section 

m 

In the last, we present the following proposition. 
Proposition 4.6. For the r-functions 

'^1,-2 ''"ei— 62) ''"1,3 ''"ei+es) ''"1,-3 ''"ei— ea 

and To? the following relations are satisfied: 

Qi = -—Xi{xi - 1) ^log^^ + 2Xi {i = i,...,n), 

£3 oxi ri_3 

qiPi = -Xi — \og— \ (« = l,...,n), 

OXi To Xi-l 

(4.31) 



where 

n+2 



Y ^ 3:i(a:j - 1) - ■ ^ ^ ~ ^ gfc . . „„s 

' ,.i-;,,(^ + l)(r^ + 2)(x.-x,)' -'^ 2+2(n + l)- ^-'^ 
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Proof By using ()4.1|) . ()4.7|) and ()4.28p . we can rewrite the relations fj4.31|) 
into 

, ^ n+2 

^n+3+1 ' ^ To .f- .(n+l)(n + 2)(t,-t,)' 

= - 1) log '"""'''-^"'-'^ + - 1) r - t.r (4.33) 

''n+3,-(n+l) 

,.i-;,,(^ + i)(^ + 2)(t.-t,) ^ ' ' ^' 

where 

r\ = — - + — ^. 4.34 

2 2 (n + 1) ^ ^ 

Hence we show the relations ()4.33j) in the following. 

We consider the Schlesinger transformations T'2e„+3 which act on the pa- 
rameters as follows: 

T2e„+3(%)=% + 25,n+3 (j = 1, . . . , n + 3) . (4.35) 

The action of T2e„+3 on the Hamiltonians Hi {i = 1, . . . ,n) is described as 
follows: 

T.,„.™^//.+(«,.«+i)^+ 1 (4.36) 

From ()3.44|1 and ()4.3fij) . the first relation of ()4.33j) is obtained. The second 
relation of ()4.33p is obtained in a similar way. □ 
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